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Abstract This paper presents a biomechanical model for the small pits, called crypts, that
line the colon. A continuum approach is adopted, with the crypt epithelium modelled as
a growing beam attached to the underlying lamina by cell bonds, which generate tension
within the layer. These cell attachments are assumed to be viscoelastic thus allowing for
cell progression along the crypt. It is shown that any combination of: an increase in net
proliferation (i.e. cell production minus apoptosis), an enlargement of the proliferative com-
partment, an increase in the strength of the cellular attachment to the underlying lamina,
or a change in the rate of cell growth or cell bonding may generate buckling of the tissue.
These changes can all be generated by an activating mutation of the Wnt cascade, which
is generally accepted to be the first genetic change in colorectal cancer, with subsequent
deformation, budding, and crypt fission an observed feature of the adenomatous crypt.
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Fig. 1 (a) A section through a normal healthy crypt. Note the smooth straight sides and regular shape. (Image
reproduced from (Shih et al., 2001). Copyright 2001 National Academy of Sciences U.S.A.). (b) Colorectal
crypt budding and fission in an adenoma. (Image reproduced with permission from (Preston et al., 2003)).
1 Introduction
Colorectal cancer is initiated in the small pits, called crypts, that line the surface of the
colon. A section of a healthy crypt is shown in Figure 1(a). The crypt is lined with epithelial
cells, which are attached to the basal lamina, which itself lies on top of the lamina propria,
see Figure 2. At the bottom of each crypt lie stem cells which produce semi-differentiated
transit cells that proliferate and move up the crypt. As these transit cells progress along the
crypt they differentiate, stop dividing and are eventually shed into the lumen of the colon;
the turnover of cells in the crypt is rapid, of the order of days (Marshman et al., 2002).
It is generally accepted that one of the earliest genetic events that leads to cancer de-
veloping is an activating mutation in the Wnt cascade, normally the loss of the APC gene
(Reya and Clevers, 2005). The main effect of this change is to generate hyperproliferation in
the crypt, although the Wnt pathway and APC are also implicated in the control of cell-cell
and cell-matrix adhesion, motility and cell death (Fodde, 2003; Nelson and Nusse, 2004;
Samsom et al., 2004). Following this initial mutational change in the crypt the development
of the tumour follows a multi-step sequence whereby further genetic alterations usually lead
to the development of a polyp-like adenoma, which subsequently develops into a cancer-
ous lesion. This progression of the disease is known as the adenoma-carcinoma sequence
(Fearon and Vogelstein, 1990).
Within adenomas and hyperplastic polyps it is observed that crypts are elongated and
deformed, exhibiting budding and multiple fission events (Araki et al., 1995; Brittan and
Wright, 2004; Wong et al., 2002). (Although crypt fission is a normal process in the hu-
man colon the rate of crypt division in adenomas is significantly raised). Examples of these
deformations are shown in Figure 1(b). These observations have led to the suggestion that
adenomatous regions initially grow by crypt fission (Greaves et al., 2006; Preston et al.,
2003; Renehan et al., 2002; Roncucci et al., 2000), although another mechanism for ade-
3Fig. 2 A schematic representation of the ‘unfolded’ crypt in a buckled configuration. The epithelium is
modelled as a beam. The arc length s is measured from the centre of the crypt, θ is the angle the beam makes
with the horizontal, and Fx,Fy are forces generated within the beam in the x and y directions respectively.
noma growth is the invasion of dysplastic cells into neighbouring crypts from the ‘top-down’
(Shih et al., 2001).
The aim of this paper is to show how an activating mutation in the Wnt cascade could
biomechanically initiate crypt budding and fission, and to predict when these events will
occur.
Previous biomechanical models for the folding of epithelial layers have mainly focused
on apical contractions of the epithelial cells, whereby the cells change their shape from
rectangular to trapezoidal thus changing the local layer curvature, in response to a chemical
or mechanical stimulus (e.g. Odell et al., 1981; Cummings, 1990). This modelling approach
has been used to describe, for example, gastrulation (Keller et al., 2003), and sea urchin
invagination (Davidson et al., 1995). However, for colorectal crypt budding and fission to be
initiated by changes in the Wnt cascade the folding must be driven by hyperproliferation, or
by changes in cell motility and adhesion, and not by such apical contractions.
A previous model of colorectal crypt fission by Drasdo and Loeffler (2001) used an
off-lattice cellular automata model to look at the effect of cell growth on the structure of
the crypt. The crypt was modelled as a u-shaped chain of deformable, growing circles. The
destabilising effect of this growth was countered by the bending stiffness of the connections
between the cells and a stabilising elastic force due to the surrounding tissue. It was shown
that by reducing the bending stiffness of the connections between cells and the cell cycle
times a buckled arrangement of cells could be generated through the destabilising effect of
the growth. This result was then compared with a simple continuum calculation where the
growth of the cell chain is stabilised by bending stiffness alone.
In this paper, we present a model of colorectal crypt budding and fission that will al-
low us to determine quantitatively how the crypt shape is affected by any combination of
the possible effects of an activating mutation in the Wnt cascade. We adopt a continuum
modelling approach and consider the crypt to be a continuous layer of tissue. For simplicity,
we will consider a two-dimensional section and ‘unfold’ the crypt, modelling the epithelial
layer as a beam attached to an underlying mucosa. It is these cell attachments that generate
the stress within the beam as it grows, as well as stabilising the beam in the perpendicular
direction. To allow for the dynamic detachment and reattachment of the cells as they move
along the crypt we model the cell attachments by viscoelastic springs.
We will present this continuum model for the crypt in Section 3. However, we first in
Section 2 consider the paradigm problem of a beam attached to an elastic foundation, which
is approximated by linear springs, buckled by an applied force (a problem occasionally
referred to as a Winkler column). The linearisation of this simple problem is considered
in, for example, (Brush and Almroth, 1975) for a simply supported beam. Variations on the
4model include considering that the beam is under load rather than compression (Timoshenko
and Lessells, 1928), or that the springs are nonlinear in response (Hunt et al., 1989). We will
then extend this model to include the extensibility of the tissue.
2 A paradigm problem
We consider that the crypt’s normal steady state configuration is that of a flat tissue layer. We
model this thin layer as a beam whose shape is given by the nondimensional beam equation
d2θ
ds2 +λ0 (Fy cosθ −Fx sinθ) = 0, (1)
where θ is the angle the beam makes with the horizontal, s is the arc length along the beam
measured from its centre, and Fx and Fy are the forces generated within the beam in the x
and y directions respectively, as illustrated in Figure 2.
We model the cellular attachment to the underlying mucosa as springs, in which case
the forces Fx,y may be determined from a simple force balance as
dFx
ds = Tx, (2)
dFy
ds = Ty, (3)
where Tx,y is the tension generated within the spring in the x and y directions respectively.
We begin by considering a simple paradigm problem in which the springs are taken as being
purely elastic, so that
Tx =
∫ s
0
cosθ ds− f (s), (4)
Ty =
∫ s
−1
sinθ ds, (5)
where f (s)maps the deformed configuration of the beam back to the initial flat configuration
(X ,Y ) = ( f (s),0). The variables have been made nondimensional by scaling the arc length
s with the crypt depth L, and Fx and Fy with kL2 where k is the spring constant of the
attachments. The nondimensional parameter λ0 = kL4/B, where B is the bending stiffness
of the tissue layer.
We initially consider a simple paradigm problem in which the buckling of the layer is
driven by an externally applied force, and so apply the boundary conditions
Fx = −F0, Fy = 0, θ = 0, at s =±1, (6)
where we have assumed that the beam is clamped at the ends. Although the applied force
F0 is not biologically realistic, this simple problem will give us insight into how the system
will behave when stress is generated in the epithelial layer as a result of growth. In the next
section, when we introduce tissue growth in the model, we will apply zero-stress boundary
conditions at the ends of the crypt to model the sloughing off of cells at the open ends. We
also impose the constraint that both ends are fixed at y = 0, i.e. that
∫ 1
−1
sinθ ds = 0. (7)
5If the beam is ‘incompressible’, by which we mean that it is stiff (i.e. has a large Young’s
modulus) so that f (s) = s, we may solve (1)–(7) for θ , Fx and Fy. If, however, the beam is
‘compressible’ so that it can be shortened by the applied force (with a consequent thickening
of the beam) then f (s) 6= s1. As the beam is a one-dimensional approximation to a two-
dimensional object the thickening of the layer translates to an increased density ρ(s), and
so even an incompressible material with Poisson’s ratio ν = 1/2 can appear compressible
in this approximation. We can determine f (s) from a force balance within the beam, from
which we obtain
Fx cosθ +Fy sinθ = λ1
(
1− d fds
)
, (9)
in which we measure strain relative to the deformed configuration, and where λ1 = Eh/kL2;
E is the Young’s modulus of the material, and h its thickness. In this case we must also
impose a boundary condition on f (s), which we may take from the symmetry of the problem
as
f = 0 at s = 0. (10)
Note that as λ1 → ∞ in (9) we regain the incompressible model f (s) = s. We also note that
for an elastic material the bending stiffness B∼ Eh3 so that λ0 = O(1) implies that for a thin
layer λ1  1, i.e. that a beam is essentially incompressible. Despite this we will continue to
discuss models for which λ1 = O(1) to allow for the fact that the cells may actively resist
bending by altering their internal architecture.
In order to determine when the tissue buckles and initiates budding and fission we must
find the values of λ0, F0, and for the compressible case λ1, for which the model has a non-flat
solution. As we are primarily interested in the initiation of the deformation we simplify the
problem by linearising the model about the initial flat state. This gives the linear eigenvalue
problem for the deflection y(x)
d4y
dx4 −λ0
(
Fx
d2y
dx2 +
dFx
dx
dy
dx − y
)
= 0, (11)
dFx
dx = x− f (x), (12)
with f (x) = x for an incompressible beam, or with
Fx = λ1
(
1− d fdx
)
, (13)
and
f = 0 at x = 0 (14)
for the compressible beam. The linearised boundary conditions are
Fx =−F0, and y = dydx = 0, at x =±1. (15)
1 Often when considering such elastic deformations a mapping g(X) of the initial to the deformed frame
is taken so that
(X ,0) →
(∫ g(X)
0
cosθ ds,
∫ g(X)
−1
sinθ ds
)
, (8)
with g(0) = 0. However the algebra is significantly simplified by considering instead f (s) = g−1(s), provided
that this inverse exists.
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Fig. 3 (a) A plot of the lowest two eigenvalues of the incompressible model (11),(15) with Fx = −F0. The
inset shows the crossing of the eigenvalues when λ0 ≈ 55. (b) A plot of the first two eigenfunctions for
λ0 = 20 (top) and λ0 = 65 (bottom). The solid line corresponds to the lowest eigenfunction.
For the incompressible beam with f (x)= x the solution of (12) and (15) is Fx =−F0. The
numerical solution of the resulting eigenvalue problem (11),(15) is plotted in Figure 3; the
solution was obtained using spectral methods in MATLAB as detailed in (Trefethen, 2000)1.
In Figure 3(a) we plot the lowest two eigenvalues; for F0 greater than the lowest eigenvalue
there exists a non-zero solution for y(x), which is stable, while the flat solution becomes
unstable and so the layer will buckle. As expected, as the bending stiffness tends to infinity,
i.e. λ0 → 0, the force required to buckle the tissue F0 → ∞. Note that the eigenvalues cross
when λ0 ≈ 55, as shown in the inset in Figure 3(a). The deflection profiles of the lowest two
eigenfunctions for λ0 = 20 and λ0 = 65 are plotted in Figure 3(b). The solid line indicates the
eigenfunction corresponding to the lowest eigenvalue and it can be seen that the qualitative
behaviour of the buckled profiles also ‘swap’ as λ0 increases above 55. As the strength of the
cellular attachments increases (increasing λ0) so it becomes more energetically favourable
for the layer to ‘wrinkle’ to higher modes, as demonstrated in Appendix A.
For the compressible beam we solve (12)–(15) to find that
Fx = −F0 cosh(x/
√
λ1)
cosh(1/
√
λ1)
, f = x+F0 sinh(x/
√
λ1)√
λ1 cosh(1/
√
λ1)
. (16)
Note that |Fx|< F0, i.e. that the force generated within a compressible beam is less than that
generated within an incompressible one, and that Fx →−F0, f → x as λ1 → ∞. In Figure
4 we plot the numerical solution of the eigenvalue problem obtained by substituting (16)
into (11), with λ1 = 0.09. The effect of compressibility is, as might have been expected, to
increase the force required to buckle the tissue for any particular λ0. However, the qualitative
features of the two models (compressible and incompressible) are the same: F0→∞ as λ0→
0, and both the eigenvalues and eigenfunctions cross at a particular value of λ0. Additionally,
1 As (11) now has constant coefficients we could for this particular case find the eigenvalue relationship
between F0 and λ0 analytically. However, it is sufficiently complicated that we omit the details, in particular,
as this is the only case that will be considered for which this is possible.
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Fig. 4 (a) A plot of the lowest two eigenvalues of the compressible model (11),(15) with (16) for λ1 = 0.09.
(b) A plot of the first two eigenfunctions for λ0 = 20 (top) and λ0 = 80 (bottom). The solid line corresponds
to the lowest eigenfunction.
1 0.2 2 3 4 5 6 7 8 9 10
0
2
4
6
8
10
12
14
λ1
D
iff
e
r
e
n
c
e
in
F
0
Fig. 5 A plot of the difference in the forces required to buckle an incompressible and compressible epithelial
layer for which λ0 = 1 as a function of λ1.
we note that as λ1 increases the two solutions for the eigenvalues of the incompressible and
compressible models quickly become similar away from the origin. In Figure 5, we illustrate
this by plotting the difference between the forces required to buckle an incompressible and
compressible layer as a function of λ1 with λ0 = 1.
83 A model for the crypt
In the crypt, stress is generated within the epithelial layer not by an externally applied force,
but through the growth of the tissue itself. This growth necessitates a more realistic model
for the cellular attachments, as including growth in the present description would eventually
lead to the unphysical arrangement of all the cells being attached to the origin x = 0. In fact,
as the tissue grows cells move along the crypt attaching and detaching themselves from the
basal lamina. This movement, in conjunction with the removal of cells from the top of the
crypt, maintains the crypt’s normal steady state configuration.
In the light of the results of the previous section we will assume initially that the beam is
incompressible (i.e. λ1  1), and will relegate a discussion of the effects of compressibility
to Appendix B. We relate x, t to the reference initial configuration by
x = g(X ,τ), t = τ , (17)
and we take
X = f (x, t), τ = t, (18)
where now the maps g(X ,τ) and f (x, t) are determined by the growth of the tissue. The
incompressibility of the beam implies constant density growth with g(X ,τ) satisfying the
mass conservation equation
d
dτ
∂ g
∂ X = γ(x)
∂ g
∂ X , (19)
with the initial and boundary conditions,
g(0,τ) = 0, and g(X ,0) = X , (20)
where γ(x) is the growth rate of the tissue. We have nondimensionalised time with ρ/γmax,
where ρ is the density of the tissue and γmax the maximum net proliferation rate (i.e. cell
proliferation minus cell death). In practice (19) will be nonlinear as we will know the growth
rate γ only in the physical frame and not in the reference configuration X ,τ . We may recast
(19),(20) in terms of f (x, t) as
−∂ f∂ x
∂ 2 f
∂ x∂ t +
∂ 2 f
∂ x2
∂ f
∂ t =
(∂ f
∂ x
)2
γ(x). (21)
with
f (0, t) = 0, and f (x,0) = x. (22)
The cells’ movement along the lamina, and the consequent relaxation of the horizontal
stress generated by the growth, may be modelled by making the component of the tension
along the lamina Tx viscoelastic. Thus, instead of taking Tx = x− f (x) as in (4), we take
dTx
dτ +λTTx =
dx
dτ =−
∂ f
∂ t
(∂ f
∂ x
)−1
, (23)
with
Tx(x,0) = 0, (24)
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Fig. 6 A plot of the lowest eigenvalue of the system (25)–(27),(31) as a function of λT,λp . Two sections of
this surface with λT = 0.5 and λp = 65 are also plotted in Figure 7.
where λT is the ratio of the growth timescale ρ/γmax to the timescale for the relaxation of
the attachments, i.e. the rate at which the cells can move their bonds, and where f (x, t) is
determined from the growth as detailed above. Over short times the layer responds elasti-
cally, and thus the paradigm problem previously discussed may be interpreted as a guide to
its instantaneous behaviour. As the cells stay attached to the lamina at all times we leave Ty
as purely elastic in response, i.e. Ty = y.
The model for the growing crypt is thus the linear beam equation
d4y
dx4
−λ0
(
Fx
d2y
dx2
+
dFx
dx
dy
dx
− y
)
= 0, (25)
with
dFx
dx
= Tx, (26)
with the tension Tx given by (23),(24) and the map f (x, t) by (21),(22). We apply the bound-
ary conditions
Fx = 0 and y =
dy
dx = 0 at x =±1, (27)
where by taking Fx = 0 at x =±1 we model the removal of cells from the top of the crypt.
Unfortunately, this model is fully time dependent. However, we do not need to solve
the dynamical problem to determine whether the crypt will deform after a genetic mutation.
Instead, we need only determine whether the alteration in the parameters generated by this
genetic change destabilises the flat steady state solution. As t→∞ we expect the cell velocity
10
−(∂ f /∂ t)(∂ f /∂ x)−1 to be independent of time, finite and non-zero. This in conjunction
with (21) and the boundary conditions (22), gives the long-time solution for f (x, t) as
f (x, t)∼ α(x)e−β t , (28)
where β is a constant and where, from substituting (28) into (21),(22), α(x) satisfies
(
dα
dx
)2( γ
β −1
)
+α
d2α
dx2 = 0, α(0) = 0, (29)
which may be integrated to give
α
(
dα
dx
)−1
=
∫ x
0
γ
β dx. (30)
Substituting (28) into (23) we see that in steady state the tension Tx(x) = αβ (λTdα/dx)−1,
and so (30) may be expressed as
dTx
dx =
1
λT
γ(x), Tx(0) = 0. (31)
The steady state solution is then given by (25)–(27) with Tx given by (31) once the growth
rate γ(x) is prescribed. (Note that as we are looking for the steady state solution we could
have taken any distribution of tension as our initial condition in (24).) In a healthy crypt, cell
growth is restricted to the semi-differentiated cells, which occupy roughly the lower three
fifths of the crypt (Bach et al., 2000). We model this by taking
γ(x) = e−λpx6 , (32)
with λp = 65, to give a central uniformly proliferating compartment within the crypt that
sharply dies back towards zero.
We now look for the solution to the eigenvalue problem (25)–(27),(31), i.e. for the values
of λ0,λT,λp for which a nonzero solution exists. The lowest eigenvalue defines a surface in
parameter space marking the boundary between the flat steady state solution and the induc-
tion of buckling and crypt budding and fission; below the surface the flat solution is stable
and above it this solution is unstable and the layer buckles. We plot this surface in Figure 6
and sections of this surface when λT = 0.5 and λp = 65 in Figure 7; the plots were obtained
using spectral methods as before. As discussed in the introduction, an activating mutation
in the Wnt cascade is known to increase the size of the proliferative compartment, which
will decrease λp; it has also been linked with an increase in net proliferation either through
a decrease in apoptosis or cell cycle time, thus decreasing λT and also with alterations in
cell adhesion and migration, which affect both λ0 and λT. Thus we can see from Figure 6
that the downstream effects of the Wnt cascade can destabilise the flat steady state solution.
Note that the amount by which we must change any parameter value before buckling the
layer is dependent on the values of the other two parameters. Indeed, as can be seen from
Figure 7(a), even with all the cells in the crypt proliferating (i.e. λp = 0), λ0 still has to be
greater than some critical value before buckling can occur. Thus we must consider the com-
bined effect of the changes in each of the parameters λ0,λp,λT as a result of any mutational
change.
In Figure 6(b), we also plot the second eigenvalue with λp = 65 and it is interesting
to note that the crossing of the eigenvalues (and eigenfunctions) noted for the paradigm
problem is again a feature of the solution.
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Fig. 7 (a) The lowest eigenvalue of the system (25)–(27),(31) as a function of λp with λT = 0.5. (b) The solid
line corresponds to the lowest two eigenvalues of the system (25)–(27),(31) as a function of λT with λp = 65.
The lowest eigenvalue corresponds to a section of Figure 6. The dashed line corresponds to the lowest two
eigenvalues with λp = 65 when compressibility is included in the model (λ1 = 1).
4 Conclusions
The model we have presented in Section 3 shows how crypt budding and fission could
be biomechanically initiated as a result of activating mutations in the Wnt cascade. The
three downstream effects of this mutation that effect crypt shape are: stopping the cells
differentiating and therefore increasing the proliferative compartment, increasing the net
proliferation rate either by decreasing apoptosis or increasing the cellular proliferation, and
changes in cell adhesion and motility. The effect of these changes on the model is to alter the
values of the parameters λp, which quantifies the size of the proliferative compartment, λT,
which quantifies the competition between the rates of cell growth and cell movement, and
λ0, which quantifies the relative importance of spring strength against bending stiffness. We
have shown that any combination of changes that move the parameters across the surface of
eigenvalues plotted in Figure 6(a) will buckle the tissue. For example, we have shown that
increasing the net proliferation, or the time taken for a cell to ‘move’ its attachments, i.e.
decreasing λT, can initiate buckling independently of the the other parameters. Equally, it
can be seen that enlarging the proliferative compartment, provided λ0 is large enough, will
also initiate buckling. We suggest that this buckling could initiate crypt budding and fission.
In Appendix B we show that compressibility of the layer further destabilises the crypt
shape, although the results of the model are qualitatively similar to those obtained in Section
3. However, we expect this to be a higher order effect for, as was discussed in Section 2,
unless a cell can significantly increase its bending stiffness the layer should be considered
to be stiff and essentially incompressible.
Finally, we remark that this modelling framework can be extended to consider more
realistic three-dimensional geometries. Also we note that in reality as the epithelial layer
deforms it draws the lamina propria up with it, leading to a permanent deformation of this
tissue. Thus in order to describe the progression of the budding and fission events past their
12
initiation it will be necessary to model this interaction between the epithelium and the lamina
propria.
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A The buckling of a beam with λ0  1
We again consider the simple paradigm problem of Section 2 in the limit λ1 → ∞ so that the beam is incom-
pressible. The eigenvalue problem is in this case (11) with Fx =−F0, with the clamped boundary conditions
(15). When λ0  1 the first two terms in equation (11) balance and the solution is no longer influenced by
the underlying mucosa; the problem reduces to a classical Euler strut problem. However, as λ0 → ∞ so the
attachment becomes stronger as compared with the bending stiffness of the beam. In order to understand how
the beam behaves in this limit we look for a WKB expansion (Bender and Orszag, 1999) of the solution to
(11),(15), which we write for convenience as
d4y
dx4 +αk
2 d2y
dx2 + k
4y = 0, (33)
y = 0 = dydx at x =±1, (34)
where αk2 = F0λ0 , k4 = λ0, and k 1. Substituting the WKB Ansatz
y ∼ A(x)eikφ (x), A(x)∼ A0(x)+ 1k A1(x)+O
(
1
k2
)
, (35)
into (33) and comparing powers of k up to O(k3) we find that for a non-zero solution satisfying the boundary
conditions (34) to exist we require
α = 2+ ε , and φ(x) = φ0 ∼ 1+O(
√
ε), (36)
where ε  1. At O(k2) we find that
d2A0(x)
dx2 = −
1
4
εk2A0(x). (37)
In order to satisfy the boundary conditions (34) ε = pi2/k2 , and so as λ0 → ∞, we see from (36) and (33) that
the eigenvalue relation between F0 and λ0 is given by
α = 2+
pi2
k2 =⇒ F0 =
2√
λ0
+
pi2
λ0
. (38)
and
y∼ A0 cos(pix/2)eiλ
1/4
0 x + . . . , (39)
Thus we see that in the limit λ0 → ∞ the layer ‘buckles’ into a wrinkled state with an envelope looking like
cos(pix/2), with the force required to buckle the layer given by (38).
B Including compressibility in the model of Section 3
If we consider the layer of Section 3 to be compressible then we must account for its deformation as it grows,
as f (x,t) cannot be determined from conservation of mass alone. The standard approach in this case is to
decompose the map g(X ,τ), considering that the tissue first grows under the constant density assumption to
a zero stress configuration g0(X ,τ), and is then subsequently deformed to its final configuration g(X ,τ); see
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for example (Ambrosi and Mollica, 2002; Lubarda and Hoger, 2002). The elastic deformation of the material
is given by an equation analogous to (9) but with the strain calculated from the displacement from the zero
stress configuration, so that (after linearisation)
Fx = λ1
(
1− ∂g0∂X
∂ f
∂x
)
, (40)
with g0(X ,τ) determined from (19),(20) with g replaced by g0. The model for a compressible crypt is thus
(25)–(27),(23),(24), with (19),(20),(40),(22) in which g is replaced by g0 .
To determine the stability of the steady solution of this model, we assume that both the cell velocity
profile dx/dτ , and Fx tend to a finite limit as t,τ → ∞, which gives f (x,t) ∼ α(x)e−β t for t large, and from
(40) that
∂ f
∂x
∂g0
∂X → H(x) as τ ,t → ∞, (41)
giving ∂g0(X ,τ)/∂X = ∂g0( f (x,t),t)/∂X ∼H(x)eβ t (dα/dx)−1 for τ ,t large. Substituting these expressions
for f and g into (19),(23) (and remembering that d/dτ = ∂/∂ t +dx/dt ·∂/∂x) gives
dHTx
dx =
1
λT
γH, (42)
where H is given by (40),(26), i.e. by
Fx = λ1(1−H), (43)
dFx
dx = Tx, (44)
with the boundary conditions H(1) = 1,Tx(0) = 0. Note that as λ1 → ∞, H → 1 and we regain the incom-
pressible model.
Equations (42)–(44),(25) and the boundary conditions (27) and H(1) = 0 and Tx(0) = 0 define the eigen-
value problem for the steady state of the compressible beam. The surface defining the boundary between
the flat and buckled states may be obtained as in Section 3, and is found to be qualitatively similar to that
displayed in Figure 6(a). The compressibility of the layer does, however, lead to a surprising quantitative
difference; a compressible layer is found to be easier to buckle that an incompressible one. This is easiest
to see when comparing sections of the surface of eigenvalues, and in Figure 6(b) we plot as dotted lines the
lowest two eigenvalues for the case λp = 65, λ1 = 1. It can be seen from Figure 6(b) that the compressible
eigenvalues lie below those found for the incompressible layer. That this should be the case, in contrast to the
result of Section 2, where it was found that for a simple tethered beam compressibility made the layer harder
to buckle, can be shown by taking λ1 large but finite and expanding Fx,Tx,H as power series in 1/λ1 , i.e.
Fx(x) ∼ Fx0(x)+ 1λ1 Fx1(x)+O
(
1
λ 21
)
, (45)
Tx(x) ∼ Tx0(x)+ 1λ1 Tx1(x)+O
(
1
λ 21
)
, (46)
H(x) ∼ H0(x)+ 1λ1 H1(x)+O
(
1
λ 21
)
. (47)
Substituting (45)–(47) into (42)–(44) and applying the boundary conditions H(1) = 1,Tx(0) = 0 and (27) we
find that at lowest order, as expected, Fx0,Tx0,H0 are given by the solution to the incompressible model, i.e.
H0 = 1, (48)
Tx0 =
∫ x
0
1
λT
γ dx, (49)
Fx0 = −
∫ 1
x
Tx0 dx. (50)
Looking at terms of O(1/λ1) we then find that
Fx1 = −
∫ 1
x
∫ v
0
T 2x0 dxdv, (51)
14
and thus that the force generated within the compressible layer is greater than that generated in the incom-
pressible one. This may be explained as follows. The compression in the layer is greatest in the centre, so that
in the compressible case more material is squeezed in there. As the cells move along the crypt the compres-
sion is reduced, so that the material expands giving it a greater velocity and therefore generating a greater
tension in the viscoelastic tethers. However, we note, as discussed in Section 2, that we expect for any thin
layer that λ1  1, and so this effect will be very small in comparison to that of changes in λp,λT and λ0 .
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